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We numerically solve the hydrodynamic equations of motion for a cholesteric
liquid crystal under an imposed Poiseuille flow, by means of lattice Boltzmann
simulations. The elasticity of the cholesteric helix couples to the external flow to
give rise to a highly viscoelastic flow. This is a technically difficult problem for
standard flow solvers due to its fully two-dimensional nature. We consider a helix
with axis parallel to the boundaries, and at the same time to either the primary
flow or the vorticity direction (we identify these two flow modes as permeation
and vorticity mode respectively). We quantify the large difference found in the
steady state director and velocity profiles, and in the apparent viscosities obtained
in the two cases.

Keywords: cholesterics; lattice Boltzmann method; rheology

INTRODUCTION

Liquid crystals are fluids, typically comprising long thin molecules,
where subtle energy—entropy balances can cause the molecules to align
to form a variety of ordered states [1,2]. In nematic liquid crystals the
molecules tend to align parallel giving a state with long-range orien-
tational order. This is usefully described by the director field 7z, the axis
along which molecules are preferentially aligned. In a cholesteric or
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chiral nematicliquid crystal 7 has a natural twist deformation. Examples
of cholesteric liquid crystals are DNA molecules in solution, colloidal sus-
pensions of bacteriophages [3], and solutions of nematic mixtures such as
E7 with chiral dopants which are widely used in display devices [4].

Liquid crystals exhibit both an elastic and a viscous response to an
external stress [1,2]. Coupling between the director and the velocity
fields—known as back-flow—leads to strongly non-Newtonian flow
behaviour.

The non-Newtonian character of liquid crystal flow is apparent in
cholesterics rheology. One striking example is permeation. When a
cholesteric liquid crystal is subjected to an imposed flow in the direc-
tion that its helix axis attains in the cholesteric phase, its viscosity
can increase enormously (by a factor ~10°) with respect to that of
the same material in the isotropic phase [5—13]. An explanation of per-
meation was given by Helfrich [5]. If the director orientation is fixed in
space, due for example to anchoring effects at the wall, any flow along
the helix must be linked to a rotation of the molecules. This leads to an
energy dissipation far larger than that due to the usual molecular
friction and hence a much enhanced viscosity.

The possibility of permeative flows and of other complex back-flow
effects has slowed down quantitative theoretical and simulation work
on the rheology of cholesterics, which presently lies on significantly
less solid grounds than its overall well-established and understood
nematic counterpart. Indeed the intricacy of the hydrodynamic equa-
tions of motion, which are highly non-linear and require an accurate
resolution of length scales smaller than or comparable to the helical
pitch, have narrowed the scope of most theoretical analyses to largely
simplified geometries and weak flows. These have nonetheless high-
lighted the richness of the rheological properties of these materials.

Most of the previous literature in the field consists in semi-analytical
approximate treatments of permeation flow [1,5,14-16,20,21] and of
flow with the helical axis along the velocity gradient direction [17],
although some studies of other geometries exist [18,19]. These semi-
analytical calculations are often highly simplified, e.g., permeation the-
ories typically assume (i) very weak forcing (so that the director field is
only perturbatively deformed by the flow), (ii) no secondary flow, and
(iii) a constant order parameter throughout the sample. In geometries
different from the one leading to permeation, (i) and (ii) have some-
times been relaxed, while (iii) is almost invariably employed. These
simplifications limit progress: for example within these treatments
there is no way of predicting how the director field is deformed by a
strong permeative flow, or of quantitatively predicting viscosity versus
shear curves for different flows and geometries.
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Recently, in Refs. [22-24] we have proposed a lattice Boltzmann
algorithm which solves the Beris-Edwards equations of motion for
the hydrodynamics of liquid crystals. We have shown that this method
is robust and numerically remarkably stable, so that it allows a quan-
titative study of the rheology of cholesterics, which nicely comple-
ments the semi-analytical approaches previously proposed in the
literature, as it makes it possible to answer questions which cannot
be answered analytically. For instance, we now know that a strong
Poiseuille or shear flow in the permeation mode can stabilise substan-
tially distorted director patterns [25,26], in which the cholesteric
layers can either bend into chevrons or reorganise into doubly twisted
texture. We have also been able to map out [26,27] viscosity versus
forcing curves which prove (i) that there is strong shear thinning if
the director field is anchored at the boundary (ie if fixed boundary con-
ditions are used), and (ii) that the shape of these curves is extremely
sensitive to the type of boundary conditions employed. Further studies
have highlighted that this lattice Boltzmann algorithm can even allow
a controlled study of the static and rheological properties of blue
phases [28, 29], which are a series of phases typically encountered
in the vicinity of the isotropic-to-cholesteric transition, consisting of
periodic networks of disclination lines [30]. Given the importance of
cholesterics in optical devices and biological DNA solutions and the
ubiquity of permeative flow in the theory of layered liquid crystals
[31], it is extremely important to have and further develop a robust
numerical framework within which to systematically analyse the flow
properties of cholesterics. Moreover the advent of micro-channel
technology means that quantitive experiments to test theoretical
predictions are likely to be or soon become feasible.

In this work we present new results obtained by applying our lattice
Boltzmann algorithm to study Poiseuille flow in a flow-aligning choles-
teric liquid crystal with its helix lying along the vorticity direction
(hereafter vorticity mode, i.e., along the direction of secondary flow),
and compare the director and velocity profiles at steady state with
those found with the helix along the primary flow direction (i.e., in
the permeation mode). We find that in both cases the apparent vis-
cosity of the liquid crystal decreases with increasing forcing, so that
the material is shear thinning. However the magnitude of this shear
thinning is vastly different and is much larger in the permeation
mode. In both cases the external flow induces a twisting along
the velocity gradient direction, which is enhanced by our choice of
boundary conditions. Secondary flow is present in both the vorticity
and the permeation mode, but while in the former case it is small with
respect to the primary flow, in the latter it may be much larger.
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The article is organized as follows. In section II, we review the
hydrodynamic equations of motion for cholesterics which we set out to
solve. In section III, we present results for Poiseuille flow in the vorticity
and permeation mode. Finally, section IV contains our conclusions.

EQUATIONS OF MOTION

We consider the formulation of liquid crystal hydrodynamics given by
Beris and Edwards[32,33], generalized for cholesteric liquid crystals.

The equations of motion are written in terms of a tensor order para-
meter Q which is related to the direction of individual molecules, 7, by
Q.5 = (. — 1/30,5) where the angular brackets denote a coarse-
grained average and the Greek indices label the Cartesian components
of Q. The tensor Q is traceless and symmetric. Its largest eigenvalue,
2/3¢q,0 < q < 1, describes the magnitude of the order.

The equilibrium properties of the liquid crystal are described by a
Landau-de Gennes free energy density. This comprises a bulk term
(summation over repeated indices is implied hereafter),

A 1 Ag) A
fo =5 (1-5) Q% — 3  QuQnQu + = (@%)", (1)
which describes a first-order transition from the isotropic to the chiral
phase at y = 2.7, together with a an elastic contribution which for
cholesterics is [1]

K

fd=§

4 2
[(aﬁQ%ﬁ)z + <5a§68£Q6/)’ + Fan) , (2)

where K is an elastic constant and p is the helix pitch. The tensor ¢, is
the Levi-Civita asymmetric third-rank tensor, Ag is a constant and y
controls the magnitude of order. (it plays the role of an effective
temperature or concentration according to whether the cholesteric
liquid crystal is thermotropic or lyotropic). The anchoring of the direc-
tor field on the boundary surfaces is ensured by adding a pinning term

1
fs = 5 Wo(Qup — Q5p)° (3)

with Q) typically of the form
Q3 = So(nonjy — 044/3). (4)

The parameter W, controls the strength of the anchoring, while S,
determines the magnitude of surface order. If the surface order is
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equal to the bulk order (as is the case in the simulations reported
here), Sy should be taken equal to q.
The equation of motion for Q is [32]

(O+u-V)Q—-S(W,Q) =TH (5)

where I is a collective rotational diffusion constant. The first term on
the left-hand side of Eq. (5) is the material derivative describing the
usual time dependence of a quantity advected by a fluid with
velocity #. This is generalized for rod-like molecules by a second term

S(W,Q) = (D +9Q)(Q+1/3) +(Q+1/3)(cD — Q) - 2¢(Q + 1/3)Tr(QW)
(6)

where Tr denotes the tensorial trace, and D = (W +W%)/2 and
Q=(W- WT) /2 are the symmetric part and the anti-symmetric part
respectively of the velocity gradient tensor W,z = dsu,. S(W, Q)
appears in the equation of motion because the order parameter distri-
bution can be both rotated and stretched by flow gradients. This is a
consequence of the rodlike geometry of the LC molecules. The constant
¢ depends on the molecular details of a given liquid crystal. The term
on the right-hand side of Eq. (5) describes the relaxation of the order
parameter towards the minimum of the free energy. The molecular
field H which provides the driving motion is given by

oF oF

H-= —$+(I/3) Q

The three-dimensional fluid velocity, #, obeys the continuity
equation

(7)

Oip + Ox(puy) =0 (8)
and the Navier—Stokes equation,
p(0r + updp)us = 9p(Thyg) + ndp(dyup + Opts + (1 — 39,P0)d,u;955), (9)

where p is the fluid density and 7 is an isotropic viscosity. The form of
this equation is similar to that for a simple fluid. However, the details
of the stress tensor, I,;, reflect the additional complications of liquid
crystals hydrodynamics. The pressure tensor is explicitly given by:

. 1
L = —Podss + 2¢ <Qxﬁ + §5xﬁ) @y H,c — CHy, (Q,,; t3 5»/5)

1
é(Qw + 5%) 8 — 0,Qy A+ QuH,y — Hy,Q,p.  (10)

56 Q/,,
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The background pressure Py is constant, in the simulations reported
here, to a very good approximation (+1%). It should be noted that
the order parameter field affects the dynamics of the flow field
through the stress tensor (10), which appears in the Navier—Stokes
Eq. (9) and depends both on Q and H. This back action of the order
parameter field on the flow is usually referred to as back-flow.

To study these equations we use a lattice Boltzmann algorithm.
Details and validation of using this method to solve the Beris-Edwards
model were given in Refs. [22,23] for the two-dimensional case and in
Ref. [24] for the three-dimensional one. In the present work we chose a
slightly different prescription for the implementation of the lattice
Boltzmann algorithm with respect to the one presented in Ref. [24].
Instead of using Il,; to constrain the second moment of the velocity
distribution functions as in Ref. [24], the derivative of the pressure
tensor, Jgll,p is here directly entered as a body force. This scheme
reduces spurious velocities down to machine precision in the case
under consideration.

It is possible to write down a relation between the six viscosity
coefficients oq,...,06 characterising nematodynamics within the
Leslie-Ericksen model [1], and the parameters of the Beris-Edwards
model. These are [22,32]

2/3¢%(3 + 49 — 4¢»)&

o1 =

1—! b
~ (-1/3¢2+q)¢ —q?)
2 — T 5
b= (T1/3a2+q)E+q%)
3 = T 3
_4/9(1-¢q)*&
w= I+y ’
us — (L/30(4 9)¢* +1/39(2 + q)¢)
r )
ng — (L/30(4 q>é2r— 1/3q(2+9)¢) (11)

Particularly relevant quantities are the rotational viscosity
71 = a3 — ag = 2¢2/T and the ratio between o3 and oy. If ag/ay > 0 the
liquid crystal is flow aligning, otherwise it is flow tumbling. We will
restrict ourselves to the former case for the simulations reported in
this work.
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RESULTS

We now discuss the results which we have obtained by applying our
lattice Boltzmann flow solver to study Poiseuille flow in a slab of
cholesteric liquid crystal sanwiched between two planes parallel to
the xy plane, when the axis of the cholesteric helix lies along y. We con-
sider two cases: (a) that of an induced flow along x (vorticity mode, i.e.,
the cholesteric helix then lies along the vorticity direction), and (b)
that of a flow along y (i.e., the permeation mode). For simplicity we
restrict ourselves to the case in which the director field at the bound-
aries is fixed to the zero flow configuration (fixed boundary con-
ditions). This is quite a common choice in the literature on the
rheology of cholesterics, which can be physically realised by impuri-
ties, pinning the helix at the boundaries [6-12]. For a systematic
analysis of the effects of boundary conditions on rheological properties
for Poiseuille and shear flow in the permeation and velocity gradient
modes the reader is referred to [25,26,34,35]. The geometry of the
initial condition and of the external flows we consider are shown in
Figure 1. In the case of a Newtonian fluid, it is well known that the
(Poiseuille) flow we have chosen leads to a quadratic primary velocity
field (and no secondary flow).

We consider channel widths L ~ 2 pum, and the elastic constant is
5 pN, which corresponds to the case of all three Frank elastic constants
equal to 2.5 pN. The ratio between a3 and oy is 0.08 while y; = 1 Poise.
We will henceforth use simulation units for space and time measure-
ments. These can be mapped to physical units by noting that one space
and time step correspond respectively to 0.022um and 0.667 us
respectively. In the following we will quantify the strength of the forc-
ing via the value of the dimensionless parameter f = ApL?/5c, where
Ap is the imposed pressure difference, 1 is the isotropic viscosity
entering the Navier Stokes equations, and c is the sound velocity
(see Refs. [22—-24] for details on how to compute # and ¢ in our lattice
Boltzmann algorithm).

We first consider case (i), namely flow in the vorticity mode with
fixed boundary conditions. We note that we are neglecting changes
in the helical pitch due to the flow, which is legitimate provided that
fixed boundary conditions are used. The pitch widens with flow before
the helical structure is disrupted, in the treatment neglecting bound-
ary effects proposed in Ref. [14].

Figure 2, column 1, shows the director (a) and velocity (b) profile
for quite strong Poiseuille flow (f = 1.83). The cholesteric layers are
bent by the perpendicular flow in an S-shaped pattern, so that
there is a component of the director field along the flow direction.
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(a) (b)
@ v vV ——

: “II“‘II“
] 4
X

FIGURE 1 Geometries used for the simulation described in the text. The
liquid crystal is sandwiched between two infinite plates, parallel to the
xy plane, lying at z =0 and z = L. The arrows in (a) and in (b) denote the
directions of the primary flow induced by the imposed pressure difference in
the vorticity and permeation mode respectively.

(The maximum value of the absolute value of the component of the
director field along y is ~0.37.) The bending of the director field
induces a flow-induced twist along the velocity gradient direction
(i.e., the z direction), which couples to the original twist along the
y direction to give regions of non-zero double twist. The velocity
profile (Fig. 2b) shows that the flow is non-Newtonian, with a
secondary flow along the helical direction which is antisymmetric
with respect to the centre channel and which ultimately leads to
the S-shaped of the director field deformation just described. How-
ever, the values of the pressure difference needed to significantly
distort the director field are remarkably high, which signals that
the fingerprint texture (the technical name for the structure
depicted in Fig. 1) is very stable when it lies along the vorticity
direction of the imposed flow.

A very different situation is encountered when the cholesteric helix
is subjected to flow in the permeation mode (i.e., along the y axis,
see Fig. 1b). In that case the structure is much less stable and more
sensitive to the flow, as can be seen by comparing the director field
deformation and velocity profiles in steady state in Figure 3 in the vor-
ticity (Fig. 3, first column) and in the permeation (Fig. 3, second col-
umn) modes. The forcing is the same in both calculations (f ~ 0.03).
The director develops a larger component along y in the permeation
mode (Fig. 3, (2a), ~0.14 in absolute value as opposed to ~0.02 in
the vorticity mode, Figure 3, (1a)). There is secondary flow in both
cases but this is much larger in magnitude in the permeation mode
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FIGURE 2 Plot of (a) director and (b) velocity profiles for a cholesteric under
Poiseuille flow in the vorticity mode with f = 1.83.

(compare Fig. 3, (2b) with Fig. 3, (1b)). In the permeation mode the
cholesteric layers are bent into a chevron like structure, and hardly
move. The maximum velocity attained by the primary flow is ~50
times smaller than that of a corresponding isotropic fluid in the same
geometry and subject to the same pressure difference (simulated by
switching off backflow), in agreement with semi-analytic approaches
on Poiseuille flow in the permeation mode [1,5].
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FIGURE 3 Plot of director and velocity profiles for a cholesteric under
Poiseuille flow in the vorticity (respectively (1a) and (1b)) and permeation
(respectively (2a) and (2b)) mode. These results were obtained with f = 0.04.

The origin of the chevron pattern in the permeation mode can be
identified by considering Eq. (5), under the approximation that back-
flow is neglected. Focussing on the center of the channel, S is zero,
and the term @ - VQ must be balanced by a drift of the layers, 9,Q.
That the term @ - VQ may be non-zero is typical of the permeation
mode, as the director field is not constant along the flow direction.
However, due to the parabolic shape of the velocity field, these cannot
cancel exactly and it is necessary to allow for a non-zero molecular
field, resulting in the observed bending from the equilibrium configur-
ation. The dominant elastic deformations associated with this steady
state solution are splay-bend. The director field also develops a small
component along the flow direction. This is caused by the shear forces
contained in the tensor S, which is non-zero away from the centre of
the channel and as is well known forces some flow-induced alignment
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of the director field. In the vorticity mode a similar perturbation is still
driven by u,, which is however the secondary and not the primary flow
in that geometry, and this explains why the helical structure is much
more stable in the vorticity mode.

As the pressure difference is increased in the permeation mode, we
find that the chevrons bend gradually until the pressure difference

Apparent viscosity

3 5 4 3 2 1 0
log(forcing)
(@)
60 . . . I

50

|\ (9% B
(=} (=} (=]
T T T T

Apparent viscosity

—
(=}
T

6 5 4 3 a2 a0
log(forcing)

(b)

FIGURE 4 Apparent viscosity versus (logarithm of) dimensionless forcing
for a cholesteric liquid crystal under Poiseuille flow in the (a) vorticity and
(b) permeation mode.
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reaches a threshold above which they no longer describe the steady
state director profile of the system and are replaced by a doubly
twisted texture, as previously reported for liquid crystals with
different values of ¢ (and hence o®/4?).

We now turn to the determination of the apparent viscosity of the
cholesteric liquid crystal in the vorticity and permeation mode. In
the geometry we consider the volumetric flow rate for a Newtonian
fluid is

®  Ap .5

L.~ @L (12)
where L, is the transverse direction (along x in Fig. 1). We can thus
define an apparent viscosity #,pp, by requiring Eq. (12) to still hold
for a non-Newtonian fluid, but with 7,,, replacing 7. We can also
define a relative viscosity #,e = #ap,/#1- This is plotted as a function
of the dimensionless forcing in Figure 4 for both the permeation and
the vorticity mode.

In the permeation mode (Fig. 4b) it can be seen that the apparent
viscosity is, for small forcing, ~50 times larger than the one corre-
sponding to a non-Newtonian fluid with the same parameters.
This can be understood as a backflow effect: the flow bends the layers
into chevrons, which as they try to straighten out induce a large back-
flow which works against the imposed pressure difference to give a
very small net velocity. For stronger forcing there is shear thinning
associated with the breaking of the helices and the viscosity becomes
comparable to that of an isotropic fluid.

Figure 4a shows the corresponding viscosity versus forcing curve
found in the vorticity mode. It can be seen that the liquid crystal flows
much more easily, as the apparent viscosity is comparable to that of a
corresponding Newtonian fluid this time. The cholesteric liquid crystal
still shear thins, as found also in Ref. [19], but the extent of this shear
thinning is greatly reduced with respect to the permeation mode.

CONCLUSIONS

In conclusion, we have presented lattice Boltzmann simulations to
study Poiseuille flow in a cholesteric liquid crystal in the vorticity
and permeation mode (i.e., with the cholesteric helix parallel to
the boundary plates and an imposed flow respectively either
perpendicular or parallel to this axis). There are some similarities in
the two geometries, in that in both cases (i) the fluids shear thins upon
increasing the pressure difference which drives the flow, and (ii) the
director field develops a non-equilibrium flow-induced twist along
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the velocity gradient direction (i.e., perpendicular to the direction of
the original twist in the initial condition). However, there are remark-
able differences, most notably in the value of the apparent viscosity
which is more than an order of magnitude larger in the permeation
mode due to the enhanced elastic stresses experienced by the system
in this flow mode.

We note that the few theoretical and numerical studies of flow in
cholesterics in the vorticity mode [18,19] considered a steady shear
flow and neglected boundary effects (considered free boundary con-
ditions and an effectively one-dimensional situation). Under those
approximations it was found that a shear flow could either excite twist
waves in which the director field was planar, i.e., there was no compo-
nent along the shear flow, or induce a non-equilibrium phase tran-
sition to a nematic phase for strong enough shear. It is therefore not
appropriate to directly compare those calculations with ours, which
is fully two-dimensional, and considers Poiseuille flow with fixed
boundary conditions. However our simulations suggest that if the
director field is fixed to the boundary e.g., by some impurity or surface
defect (as is typically assumed to be the case at least in the permeation
mode) it is likely that a non-zero component of the director field along
the flow will appear. In view of the small numbers of simulation
papers on the vorticity flow mode in cholesterics, it seems interesting
to generalise the present simulations to cover a steady shear flow and
different boundary conditions as well. Experiments with flow in the
vorticity mode seem to be now feasible, and by comparing them to
quantitative predictions e.g. for viscosity versus shear curves obtained
numerically from 3-dimensional lattice Boltzmann simulations it will
be possible to enhance our understanding of cholesterics rheology.
This appears to be a promising avenue for future research in the field
in view of the fact that an imposed flow in the vorticity mode can be
analysed numerically more straightforwardly than one in the per-
meation mode.
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